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GLOBAL INTERSECTION COHOMOLOGY OF QUASIMAPS’ SPACES
MICHAEL FINKELBERG AND ALEXANDER KUZNETSOV
1. Introduction
1.1. Let C be a smooth projective curve of genus 0. Let B be the variety of complete flags in an
n-dimensional vector space V . Given an (n − 1)-tuple α ∈ N[I] of positive integers one can consider
the space Qα of algebraic maps of degree α from C to B. This space is noncompact. Some remarkable
compactifications QDα (Quasimaps), Q
L
α (Quasiflags), Q
K
α (Stable Maps) of Qα were constructed by
Drinfeld, Laumon and Kontsevich respectively. In [Ku] it was proved that the natural map π : QLα → Q
D
α
is a small resolution of singularities. The aim of the present note is to study the cohomology H•(QLα,Q)
of Laumon’s spaces or, equivalently, the Intersection Cohomology H•(QLα, IC) of Drinfeld’s Quasimaps’
spaces.
1.2. It appears that QLα admits a cell decomposition, whence its cohomology has a pure Tate Hodge
structure. It was essentially computed by G.Laumon (see [La], Theorem 3.3.2). For the reader’s conve-
nience we reproduce the computation in section 2. We calculate the generating function PG(t) (“Poincare´
polynomial”) of the direct sum ⊕α∈N[I]H
•(QDα , IC) as a formal cocharacter of G = SLn with coefficients
in the Laurent polynomials in t (a formal variable of degree 2). It is given by the following formula:
PG(t) =
e2ρt−
1
2
dimB
∑
w∈W t
ℓ(w)∏
θ∈R+(1− te
θ)(1 − t−1eθ)
where W = Sn is the Weyl group of G with its standard length function, R
+ is the set of positive coroots
of G, and 2ρ stands for
∑
θ∈R+ θ.
1.3. For any α, γ ∈ N[I] there is a closed subvariety of middle dimension Eαγ ⊂ Q
L
α×Q
L
α+γ . It is formed
by pairs of quasiflags such that the second one is a subflag of the first one. The top-dimensional irreducible
components of Eαγ are naturally numbered by the Kostant partitions c ∈ K(γ) of γ, independently of α.
For c ∈ K(γ) the corresponding irreducible component Eαc, viewed as a correspondence between Q
L
α and
QLα+γ , defines two operators:
ec : H
•(QLα)⇋ H
•(QLα+γ) : fc
adjoint to each other with respect to Poincare´ duality.
1.3.1. Let n denote the Lie subalgebra of upper-triangular matrices in the Lie algebra sln. Let U(n)
denote the Kostant integral form (with divided powers) of the universal enveloping algebra of n. It turns
out that the linear span of operators ec is closed under composition; the algebra they form is naturally
isomorphic to U(n), and the isomorphism takes ec to the corresponding element of Poincare´-Birkhoff-
Witt-Kostant basis of U(n).
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1.3.2. Moreover, all the operators ec, fc together generate an action of the universal enveloping algebra
of sln on ⊕α∈N[I]H
•(QLα,Q). The character of this module is given by
|W |e2ρ∏
θ∈R+(1− e
θ)2
.
1.4. We conjecture that the sln-module ⊕α∈N[I]H
•(QLα,Q) is isomorphic to H
ν
n (N ,O). Here N stands
for the nilpotent cone of sln, and H
ν
n (N ,O) is the cohomology of the structure sheaf with supports in n of
degree ν = dim n = n(n−1)2 . To verify this conjecture it would be enough to check that ⊕α∈N[I]H
•(QLα,Q)
is free as a U(n)-module (see section 6).
1.5. The above conjecture is motivated by B.Feigin’s conjecture about the semiinfinite cohomology
H
∞
2
+•
u of small quantum group u of type An−1 (see [Ar] and section 6). Let us add a few more words
about motivation.
We believe that the Drinfeld’s spaces QDα are the basic building blocks of the would-be Semiinfinite Flag
Space (cf. [FM]). On the other hand, it was conjectured by G.Lusztig and B.Feigin that an appropriate
category of perverse sheaves on Semiinfinite Flags is equivalent to a regular block of the category C of
graded u-modules. In this equivalence, the algebraic counterpart of the global Intersection Cohomology
H•(QDα , IC) is exactly (α+2ρ)H
∞
2
+•
u — the (co)weight (α + 2ρ) space of the sln-module of semiinfinite
cohomology H
∞
2
+•
u .
In fact, another geometric realization of the category C was constructed in [FS]. One of the main
theorems of loc. cit. canonically identifies (α+2ρ)H
∞
2
+•
u with the Intersection Cohomology of a certain
one-dimensional local system on a certain configuration space of C.
Combining all the established equalities of characters (see section 6) we see that the above Intersection
Cohomology has the same graded dimension as H•(QDα , IC).
We believe that it would be extremely interesting and important to find a direct explanation of this
coincidence. In fact, this (conjectural) coincidence was the main impetus for the present work. The
desired explanation might be not that easy since H•(QDα , IC) has a Tate Hodge structure while the
Intersection Cohomology of the above local system has quite a nontrivial Hodge structure (e.g. of elliptic
curves or K3-surfaces) already in the simplest examples.
1.6. The idea to realize the algebra U(n) in correspondences (or in theK-groups of constructible sheaves
on certain spaces) is not new: see e.g. the remarkable works [Lu1], [BLM], [Gi], [Na1]. What seems to be
new compared to loc. cit. is the reason behind the relations in U(n) (or U(sln)). Say, the divided powers
of simple generators appear in loc. cit., roughly, due to the fact that the flag manifold of SLd has Euler
characteristic d!; while in the present work the divided powers appear, roughly, due to the fact that the
Cartesian power Cd is a d!-fold cover of the symmetric power C(d).
Thus, the present construction may be viewed as a sort of globalization of loc. cit. in the particular case
of Dynkin diagram of type An−1 (one might say that [BLM] and [Gi] lived in the formal neighbourhood
of a point 0 ∈ C, while we work over the whole C). Note that the constructions of [Lu1] and [Na1] can
be (and are) generalized to arbitrary Dynkin graphs and quantized. It would be extremely interesting to
generalize the results of the present note to an arbitrary Dynking graph (or even quantize them).
On the other hand, the idea to realize Lie algebras’ representations via “global” correspondences is not new
either: see e.g. the remarkable works [Gr], [Na2]. These works realize some irreducible representations
of infinite dimensional Lie algebras (Heisenberg and Clifford) in the cohomology of Hilbert schemes of
surfaces. Thus the present work may be viewed as a baby version of loc. cit. Note though that in all
the previous cases the representations of Lie algebras realized geometrically turned out to be irreducible,
3while we expect our modules to be nonsemisimple. In fact, we conjecture that they are tilting (see [AP]
and section 6). Also, in the global context, the appearence of Serre relations seems to be new.
1.7. It is clear from the above explanations how much we were influenced by all the above cited works. It
is a pleasure to thank B.Feigin, S.Arkhipov, and V.Ostrik for the numerous illuminating discussions and
suggestions. Above all we are obliged to I.Mirkovic who spent half a year teaching one of us (M.F.) the
beautiful geometry of affine and semiinfinite flag spaces, of which the present results are but a superficial
manifestation.
1.8. The present note is a sequel to [Ku]. We will freely refer the reader to loc. cit.
2. Cohomology of QLα
2.1. Notations.
2.1.1. We choose a basis {v1, . . . , vn} in V . This choice defines a Cartan subgroup H ⊂ G of matrices
diagonal with respect to this basis, and a Borel subgroup B ⊂ G of matrices upper triangular with respect
to this basis. We have B = G/B.
Let I = {1, . . . , n−1} be the set of simple coroots of G = SLn. Let R+ denote the set of positive coroots,
and let 2ρ =
∑
θ∈R+ θ. For α =
∑
aii ∈ N[I] we set |α| :=
∑
ai.
Recall the notations of [Ku] concerning Kostant’s partition function. For γ ∈ N[I] a Kostant partition of
γ is a decomposition of γ into a sum of positive coroots with multiplicities. The set of Kostant partitions
of γ is denoted by K(γ). For κ ∈ K(γ) let |κ| = γ, ||κ|| = |γ| and let K(κ) be the number of summands
in κ.
There is a natural bijection between the set of pairs 1 ≤ q ≤ p ≤ n−1 and R+, namely, (p, q) corresponds
to iq+iq+1+. . .+ip. Thus a Kostant partition κ is given by a collection of nonnegative integers (κp,q), 1 ≤
q ≤ p ≤ n− 1. Following loc. cit. (9) we define a collection µ(κ) as follows: µp,q =
∑
r≤q≤p≤s κs,r.
2.1.2. For the definition of Laumon’s Quasiflags’ space QLα the reader may consult [La] 4.2, or [Ku] 1.4.
It is the space of complete flags of locally free subsheaves
0 ⊂ E1 ⊂ · · · ⊂ En−1 ⊂ V ⊗OC
such that rank(Ek) = k, and deg(Ek) = −ak.
It is known to be a smooth projective variety of dimension 2|α|+ dimB.
2.1.3. For the definition of Drinfeld’s Quasimaps’ space QDα the reader may consult [Ku] 1.2. It is the
space of collections of invertible subsheaves Lλ ⊂ Vλ ⊗OC for each dominant weight λ ∈ X
+ satisfying
Plu¨cker relations, and such that degLλ = −〈λ, α〉.
It is known to be a (singular, in general) projective variety of dimension 2|α|+ dimB.
2.2. Given a quasiflag E• ∈ QLα and a point x ∈ C the type κ(E•), µ(E•) (of defect) of E at x was
defined in loc. cit. (6)–(11).
Definition. For γ ≤ α, κ ∈ K(γ) we denote by Zκα ⊂ Q
L
α the locally closed subspace formed by the
quasiflags with defect of type κ at ∞ ∈ C. In particular, Z0α is an open subset of Q
L
α.
Normalization at ∞ ∈ C (see loc. cit. 1.5.1) defines a map
̟κα : Z
κ
α −→ Z
0
α−|κ|
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Evaluation at ∞ ∈ C defines a map
Υα : Z
0
α −→ B
Evidently, Υα is a locally trivial fibration. We will denote the fiber of Υα over the point B ∈ B = G/B
by Yα.
2.3. The point B ∈ B is represented by a flag 0 ⊂ V1 ⊂ . . . ⊂ Vn−1 ⊂ V . Let E
0
• denote the
corresponding trivial flag of subbundles: E0i = Vi⊗OC . For the point 0 ∈ C the simple fiber F (E
0
• , α0) ⊂
QLα was introduced in loc. cit. 2.1.2. Its cohomology was computed in loc. cit. 2.4.4: its Poincare´
polynomial equals Kα(t) = t
|α|
∑
κ∈K(α) t
−K(κ) — the Lusztig-Kostant polynomial (t has degree 2).
Lemma. The closed embedding F (E0• , α0) →֒ Yα induces an isomorphism of cohomology:
H•(Yα,Q)
∼
−→ H•(F (E0• , α0),Q)
Proof. We restrict the natural map π : QLα −→ Q
D
α to the locally closed subvariety Yα ⊂ Q
L
α. The image
π(Yα) ⊂ QDα is denoted by Zα. It consists of quasimaps regular at ∞ ∈ C and taking there the value
B ∈ B. We will preserve the same name for the restriction of π to Yα −→ Zα. It follows from the main
Theorem of loc. cit. that π is a small resolution of singularities. Hence H•(Yα,Q) = H•(Zα, IC).
Now C∗ acts on C by dilations preserving 0,∞, and thus it acts on both Yα and Zα, and the map π is
equivariant with respect to this action. The space Zα has the only point Z fixed by C∗: it is the point
where all the defect is concentrated at 0 ∈ C. The simple fiber F (E0• , α0) is nothing else than the fiber
π−1(Z). So the stalk IC(Z) of IC-sheaf at the point Z equals H
•(F (E0• , α0),Q). On the other hand,
since the C∗-action contracts Zα to Z, we have H•(Zα, IC) = IC(Z). The proposition is proved.
Alternatively, instead of using Intersection Cohomology, we could argue that according to [Sl], 4.3,
F (E0• , α0) = π
−1(Z) is a deformation retract of Yα. ✷
2.3.1. Remark. The space Zα plays a central role and is extensively studied in [FM].
2.3.2. Corollary. The odd-dimensional cohomology of Yα vanishes.
Proof. Follows immediately from [Ku], 2.4.4. ✷
2.4. We consider the locally trivial fibration Υα : Z
0
α −→ B with the fiber Yα. Since the odd-
dimensional cohomology of both the fiber and the base vanishes, the Leray spectral sequence of this
fibration degenerates, and we arrive at the following Lemma:
Lemma. The odd-dimensional cohomology of Z0α vanishes. The Poincare´ polynomial P (H
•(Z0α), t)
equals Kα(t)
∑
w∈W t
ℓ(w). ✷
2.5. Lemma. The Poincare´ polynomial of the cohomology with compact support P (H•c (Z
0
α), t) equals
tdimB+2|α|Kα(t−1)
∑
w∈W t
−ℓ(w).
Proof. The space Z0α is smooth of dimension dimB + 2|α|. Now apply the Poincare´ duality and the
Lemma 2.4. ✷
2.6. Lemma. The odd-dimensional cohomology with compact support of Z0α vanishes. The Poincare´
polynomial of the cohomology with compact support P (H•c (Z
κ
α), t) equals
tdimB+2|α|−||κ||−K(κ)Kα−|κ|(t
−1)
∑
w∈W
t−ℓ(w).
5Proof. The normalization map ̟κα : Z
κ
α −→ Z
0
α−|κ| is a locally trivial fibration with a fiber isomorphic
to a pseudoaffine space Sµ(κ) (see [Ku] (16)) of dimension ||κ|| − K(κ) (see loc. cit. (21)). Now apply
the Lemma 2.5. ✷
2.7. We consider the stratification
QLα =
⊔
|κ|≤α
Zκα
and the corresponding Cousin spectral sequence converging to the compactly supported cohomology of
QLα (equal to H
•(QLα,Q) by Poincare´ duality). Since the odd-dimensional compactly supported coho-
mology of every stratum vanishes, the Cousin spectral sequence degenerates, and we are able to compute
the Poincare´ polynomial of the space QLα. To write it down in a neat form we will need some minor
preparations.
First of all, we shift the cohomological degree so that the cohomology becomes symmetric around zero
degree: we consider H•(QLα,Q[dimQ
L
α]). Recall that dimQ
L
α = 2|α|+ dimB = 2|α|+
n(n−1)
2 .
Second, we will consider the generating function for ⊕α∈N[I]H
•(QLα,Q[dimQ
L
α]). To record the infor-
mation on α we will consider this generating function as a formal cocharacter of H with coefficients in
the Laurent polynomials in t. Formal cocharacters will be written multiplicatively, so that the cochar-
acter corresponding to α will be denoted by eα. Finally, for the reasons which will become clear later
(see Proposition 3.6), we will make the following rescaling. We will attach to H•(QLα,Q[dimQ
L
α]) the
cocharacter eα+2ρ.
With all this in mind, the Poincare´ polynomial PG(t) of ⊕α∈N[I]H
•(QLα,Q[dimQ
L
α]) is calculated as
follows:
Theorem.
PG(t) =
e2ρt−
1
2
dimB
∑
w∈W t
ℓ(w)∏
θ∈R+(1− te
θ)(1 − t−1eθ)
✷
2.8. The main Theorem of [Ku] asserts that the natural map π : QLα −→ Q
D
α is a small resolution
of singularities. Hence the Intersection Cohomology complex on QDα is the direct image of the constant
sheaf on QLα : IC = π∗Q[dimQ
L
α]. This implies that the global Intersection Cohomology H
•(QDα , IC)
coincides with the cohomology H•(QLα,Q[dimQ
L
α]). Thus we obtain the following theorem.
Theorem. The generating function for the global Intersection Cohomology of Drinfeld’s Quasimaps’
spaces ⊕α∈N[I]H
•(QDα , IC) is given by
PG(t) =
e2ρt−
1
2
dimB
∑
w∈W t
ℓ(w)∏
θ∈R+(1− te
θ)(1 − t−1eθ)
✷
2.9. Theorem. There is a cell decomposition
QLα =
⊔
∆(w, κ0, κ∞)
into cells numbered by the following data: w ∈W ; partition κ0 (resp. κ∞) of γ0 ∈ N[I] (resp. γ∞ ∈ N[I])
such that γ0 + γ∞ = α.
2.9.1. The proof of the Theorem will occupy the rest of the section.
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2.10. We will consider a torus action on QLα with finitely many fixed points, and the Bialynicki-Birula
decomposition defined by this action will give the desired cell decomposition.
2.10.1. The Cartan group H acts on V and hence on QLα. The group C
∗ of dilations of C = P1
preserving 0 and ∞ also acts on QLα commuting with the action of H . Hence we obtain the action of a
torus T := H × C∗ on QLα.
2.10.2. We fix a coordinate z on C = P1 such that z(0) = 0, z(∞) =∞.
2.11. Let us describe the fixed point set (QLα)
T.
Given a triple (w, κ0, κ∞) as in the Theorem 2.9, we define the point δ(w, κ0, κ∞) ∈ (QLα)
T as follows.
It is a quasiflag (E1, . . . , En−1) such that its normalization (E˜1, . . . , E˜n−1) (see [Ku], Definition 1.5.1)
is a constant flag with E˜1 spanned by vw(1); E˜2 spanned by vw(1) and vw(2); . . . ; E˜n−1 spanned by
vw(1), vw(2), . . . , vw(n−1).
Its defect is a collection of torsion sheaves (see loc. cit.) on C supported at 0 and ∞.
In a neighbourhood of 0 ∈ C the quasiflag (E1, . . . , En−1) is defined as follows:
E1 = 〈 z
d01,1 vw(1) 〉
E2 = 〈 z
d02,1 vw(1) , z
d02,2 vw(2) 〉
...
...
...
En−1 = 〈 z
d0n−1,1 vw(1) , z
d0n−1,2 vw(2) , . . . , z
d0n−1,n−1 vw(n−1) 〉
where the collection (d0p,q)1≤q≤p≤n−1 (resp. (d
∞
p,q)1≤q≤p≤n−1) is defined via κ
0 (resp. κ∞) as follows:
d•p,q =
n−1∑
r=p
κ•r,q.
Finally, in a neighbourhood of ∞ ∈ C the quasiflag (E1, . . . , En−1) is defined exactly as around 0, with
the replacement of d0 by d∞ and z by z−1.
2.12. Proposition. The fixed point set (QLα)
T coincides with the collection of points δ(w, κ0, κ∞) num-
bered by the triples as in the Theorem 2.9.
Proof. Easy. ✷
2.13. It is well known that for a generic choice of one-parametric subgroup G ⊂ T we have (QLα)
G =
(QLα)
T. Hence we can apply the main Theorem 4.4 of [BB] to obtain the desired decomposition
QLα =
⊔
∆(w, κ0, κ∞)
into locally closed subchemes. Each one of them is an affine space containing exactly one fixed point:
namely, ∆(w, κ0, κ∞) ∋ δ(w, κ0, κ∞). This completes the proof of the Theorem 2.9. ✷
72.13.1. Remark. It would be desirable to make a wise canonical choice of G producing some canonical cell
decomposition (or, moreover, a stratification) of QLα. For instance, we expect that for such a wise choice
the dimension of ∆(w, κ0, κ∞) would be given by d(w, κ0, κ∞) = ℓ(w)+ ||κ0||+ ||κ∞||+K(κ0)−K(κ∞).
This would give a more natural proof of the Theorem 2.7.
Furthermore, such decomposition would produce a canonical basis in H•(QLα,Q) (Poincare´ duals of
fundamental classes of cells) which in turn might prove useful in checking the freeness of U(n)-action on
⊕α∈N[I]H
•(QLα,Q) defined in the next section (see the Conjecture 6.4 and the Remark 6.4.1).
Unfortunately, we were not able to make such a wise choice of G.
3. Simple correspondences
3.1. For any i ∈ I and α ∈ N[I] we introduce the following closed subvariety Eαi ⊂ Q
L
α ×Q
L
α+i.
Definition. Eαi := {((E1, . . . , En−1), (E
′
1, . . . , E
′
n−1)) such that for j 6= i we have Ej = E
′
j , while
Ei ⊃ E′i, and Ei/E
′
i is a torsion sheaf of length one}.
There are natural maps
p : Eαi → Q
L
α, q : E
α
i → Q
L
α+i, and r : E
α
i → C.
The first and second maps are induced by the projections of QLα ×Q
L
α+i onto the first and second factor
and the third is defined as
r((E•, E
′
•)) = suppEi/E
′
i.
The following Lemma describes the fibers of the map
p× r : Eαi → Q
L
α.
3.2. Lemma. Let E• ∈ QLα, x ∈ C. The fiber (p × r)
−1(E•) is naturally isomorphic to the projective
space P(Hom(Ei/Ei−1,Ox)). The map (p × r) is an isomorphism over the space of pairs (E•, x) such
that E• ∈ Qα is a flag of subbundles.
Proof. The fiber (p × r)−1(E•, x) is evidently isomorphic to the space of all subsheaves E′i ⊂ Ei such
that Ei/E
′
i = Ox and embedding Ei−1 →֒ Ei factors through E
′
i. In other words it is the space of all
diagrams
Ei−1 −−−−→ E′i −−−−→ E
′
i/Ei−1∥∥∥ y y
Ei−1 −−−−→ Ei −−−−→ Ei/Ei−1y y
Ox Ox
with exact rows and columns. But such a diagram can be uniquely reconstructed from the map Ei/Ei−1 →
Ox. The first part of the Lemma follows.
If E• ∈ Qα then the quotient Ei/Ei−1 is locally free, hence Hom(Ei/Ei−1,Ox) = C for all x. This means
that p× r is an isomorphism over the space Qα × C ⊂ QLα × C. ✷
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3.2.1. Let Eα{{i}} be the closure of the space (p× r)
−1(Qα ×C). Recall (see [Ku], 1.4.1) that dimQLα =
dimB+2|α|. The map (p× r)|Eα
{{i}}
: Eα{{i}} → Q
L
α ×C is birational, hence E
α
{{i}} is a (dimB+2|α|+1)-
dimensional irreducible variety.
Lemma. The space Eα{{i}} is a unique (dimB + 2|α|+ 1)-dimensional irreducible component of E
α
i .
Proof. It is a particular case of the Proposition 5.3.
Alternatively, a direct proof goes as follows.
Consider the following stratification of QLα × C
QLα × C =
⊔
γ≤α
κ∈K(γ)
Zακ ,
where Zακ ⊂ Q
L
α × C is the subspace of pairs (E•, x) such that κ ∈ K(γ) is the type of the defect of
E• ∈ QLα at the point x ∈ C (see the section 2 of [Ku]). Considering the map
Π : Zακ → Q
L
α−|κ| × C, (E•, x) 7→ (E˜•, x),
where E˜• is the normalization at x of E• and applying the Lemma 2.4.3 of loc. cit. we see that
dimZακ = dimB + 2|α| − ||κ|| −K(κ) + 1.
On the other hand, it is easy to see that over the stratum Zακ we have
length(Tx) =
i−1∑
p=1
κi−1,p,
where Tx is the part of the torsion T in the quotient sheaf Ei/Ei−1 with support at x. Using obvious
inequality
dimHom(T,Ox) ≤ length(Tx)
we see that the dimension of the fiber of Eαi over the point (E•, x) ∈ Z
α
κ is not greater than
∑i−1
p=1 κi−1,p.
But
||κ||+K(κ) ≥
i−1∑
p=1
κi−1,p
and equality is possible only for γ = 0 (it follows easily from loc. cit. (9)). This means that for any
0 < γ ≤ α and κ ∈ K(γ)
dimp−1(Zακ ) < dimB + 2|α|+ 1
and the Lemma follows. ✷
3.3. According to Lemma 3.2.1, we may consider the Poincare´ dual of the fundamental class [Eα{{i}}] ∈
H•(QLα ×Q
L
α+i,Q). Viewed as a correspondence, it defines two operators:
ei : H
•(QLα,Q)⇋ H
•(QLα+i,Q) : fi
adjoint to each other with respect to Poincare´ duality. The operator ei increases the cohomological degree
by 2, and the operator fi decreases it by 2.
93.3.1. Remark. We may also consider the operators
eˆi : H
•(QLα,Q)⇋ H
•(QLα+i,Q) : fˆi
defined by the fundamental class [Eαi ] ∈ H
•(QLα×Q
L
α+i,Q). Consider the decompositions of the operators
eˆi and fˆi into the sum of operators shifting the cohomological degree by k.
eˆi =
∑
eˆki , fˆi =
∑
fˆki
The Lemma 3.2.1 implies that
ei = eˆ
2
i , fi = fˆ
−2
i ,
and
eˆki = 0 for k > 2 and fˆ
k
i = 0 for k < −2.
3.3.2. We fix an orientation Ω = (1 −→ 2 −→ . . . −→ n−1) of the Dynkin graph with the set of vertices
I. Note that any flag of subsheaves (subbundles) in the trivial bundle V ⊗ OC can be considered as a
representation of the quiver Ω in the category of subsheaves (subbundles) of V ⊗OC . Therefore, given a
pair of flags E′• ⊂ E• we have the quotient representation T• = E•/E
′
•. This is a representation of the
quiver Ω in the category of torsion sheaves on C. Let us denote the category of such representations by
RT. Define the dimension and local dimension at x ∈ C of T = (T1, . . . , Tn−1) ∈ Ob(RT) as the coroots
dim T =
∑
i∈I
length(Ti)i ∈ N[I], dimx T =
∑
i∈I
lengthx(Ti)i ∈ N[I].
Let T ∈ Ob(RT) and dim T = γ. Given a filtration 0 = F0 ⊂ F1 · · · ⊂ Fm = T of T by subrepresentations
we say that it is a filtration of the type (γ1, . . . , γm) if dimFk/Fk−1 = γk.
Let us denote by Ox[i] a simple i-dimensional object in the category RT, consisting of the sheaf Ox which
lives over the i-th vertex of Ω.
3.4. Proposition. Given i, j ∈ I such that |i − j| > 1 we have
a) eiej = ejei;
b) fifj = fjfi.
Proof. Instead of eiej and ejei we will consider the components of eˆieˆj and eˆj eˆi shifting the cohomological
degree by 4 (it suffices by the Remark 3.3.1). To this end, consider the spaces
Eαi,j = p
−1
12 (E
α
i ) ∩ p
−1
23 (E
α+i
j ) ⊂ Q
L
α ×Q
L
α+i ×Q
L
α+i+j
and
Eαj,i = p
−1
12 (E
α
j ) ∩ p
−1
23 (E
α+j
i ) ⊂ Q
L
α ×Q
L
α+j ×Q
L
α+i+j ,
where pab denotes the projection of the product Q
L
α ×Q
L
α+i×Q
L
α+i+j (resp. Q
L
α ×Q
L
α+j ×Q
L
α+i+j) onto
the product of the a-th and b-th factors.
The definition of Eαi implies that E
α
i,j = {(E•, E
′
•, E
′′′
• ) such that E• ⊃ E
′
• ⊃ E
′′′
• , E•/E
′
• = Ox[i] and
E′•/E
′′′
• = Oy[j] for some x, y ∈ C }. This means that E•/E
′′′
• is an extension of Oy[j] by Ox[i]. But it is
easy to see that |i− j| > 1 implies ExtRT(Oy [j],Ox[i]) = 0, hence E•/E′′′• = Ox[i]⊕Oy[j]. Let E
′′ be the
kernel of the composition E• → Ox[i]⊕ Oy[j] → Oy[j]. Then we have E• ⊃ E′′• ⊃ E
′′′
• , E•/E
′′
• = Oy[j]
and E′′• /E
′′′
• = Ox[i]. This means that (E,E
′, E′′′)→ (E,E′′, E′′′) is a map from Eαi,j to E
α
j,i. This map
is certainly an isomorphism.
Now the composition of correspondences [Eαi ] ◦ [E
α
j ] is the correspondence given by the cycle
p13∗(p
∗
12[E
α
i ] ∩ p
∗
23[E
α+i
j ]) = p13∗[E
α
i,j ] = p13∗[E
α
j,i] = p13∗(p
∗
12[E
α
j ] ∩ p
∗
23[E
α+j
i ]),
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i.e.
eˆieˆj = eˆj eˆi fˆifˆj = fˆj fˆi
and Proposition follows. ✷
3.5. Proposition. Given i, j ∈ I such that |i − j| = 1 we have
a) e2i ej − 2eiejei + eje
2
i = 0;
b) f2i fj − 2fifjfi + fjf
2
i = 0.
Proof. Let j = i − 1. Consider the space Eα2i+j ⊂ Q
L
α × Q
L
α+2i+j of all pairs (E,E
′) such that E′ ⊂ E
and dim(E/E′) = 2i + j. Let T = (0, . . . , 0, Tj, Ti, 0, . . . , 0) = E/E
′ be the quotient representation. Let
p : Eα2i+j → Q
L
α denote the map induced by the projection of Q
L
α ×Q
L
α+2i+j onto the first factor, and let
r : Eα2i+j → C
2i+j denote the map sending a pair (E,E′) to
∑
x∈C
dimx(T )x = j suppTj + i suppTi. Recall
the diagonal stratification
C2i+j = C2i+j{{i,i,j}} ⊔ C
2i+j
{{2i,j}} ⊔ C
2i+j
{{i,i+j}} ⊔ C
2i+j
{{2i+j}}
introduced e.g. in [Ku], 1.3.
Consider the map p × r : Eα2i+j → Q
L
α × C
2i+j . This map is an isomorphism over the open set Qα ×
C2i+j{{i,i,j}} ⊂ Q
L
α × C
2i+j . This can be proved by the same arguments as the Lemma 3.2 (the fiber
over the point (E, jx+ iy+ iz) is isomorphic to P(Hom(Ei−1/Ei−2,Ox)) ×
(
P(Hom(Ei/Ei−1,Oy)) ×
P(Hom(Ei/Ei−1,Oz))/Z2
)
which is a single point in our case).
On the other hand, over the subset Qα × C
2i+j
{{i,i+j}} ⊂ Q
L
α × C
2i+j the fibers of the map p × r are one-
dimensional (the fiber over a point (E, (i+j)x+iy) is naturally isomorphic to P(Hom(Ei/Ei−2,Ox)) ×
P(Hom(Ei/Ei−1,Oy)) which is P1 in our case). Note that for the generic element (E,E′) of the fiber the
map Ti−1 → Ti in the quotient representation is non-zero.
Let Eα{{i,i,j}} denote the closure of (p × r)
−1(Qα × C
2i+j
{{i,i,j}}), and let E
α
{{i,i+j}} denote the closure of
(p×r)−1(Qα×C
2i+j
{{i,i+j}}). The spaces E
α
{{i,i,j}} and E
α
{{i,i+j}} are irreducible (dimB+2|α|+3)-dimensional
components of Eα2i+j .
3.5.1. Claim. All other irreducible components of Eα2i+j have smaller dimension.
Proof. It is just a particular case of the Proposition 5.3. ✷
Now we can finish the proof of the proposition.
To this end consider the spaces
Eαi,i,j = p
−1
12 (E
α
i ) ∩ p
−1
23 (E
α+i
i ) ∩ p
−1
34 (E
α+2i
j ) ⊂ Q
L
α × Q
L
α+i × Q
L
α+2i × Q
L
α+2i+j
Eαi,j,i = p
−1
12 (E
α
i ) ∩ p
−1
23 (E
α+i
j ) ∩ p
−1
34 (E
α+i+j
i ) ⊂ Q
L
α × Q
L
α+i × Q
L
α+i+j × Q
L
α+2i+j
Eαj,i,i = p
−1
12 (E
α
j ) ∩ p
−1
23 (E
α+j
i ) ∩ p
−1
34 (E
α+i+j
i ) ⊂ Q
L
α × Q
L
α+j × Q
L
α+i+j × Q
L
α+2i+j
It is easy to see that the space Eαi,i,j (resp. E
α
i,j,i, E
α
j,i,i) is isomorphic to the space of triples (E,E
′, F ),
where E ∈ QLα, E
′ ∈ QLα+2i+j such that E
′ ⊂ E and dim(E/E′) = 2i + j, and F is a filtration (by
subrepresentations) in the quotient representation 0 ⊂ F1 ⊂ F2 ⊂ F3 = E/E′ of the type (i, i, j) (resp.
(i, j, i), (j, i, i)).
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Consider the projection p14 : E
α
i,i,j → Q
L
α×Q
L
α+2i+j (and two others). It is clear that the images of E
α
i,i,j
(resp. Eαi,j,i, E
α
j,i,i) lie in E
α
2i+j and the fibers of these projections over the point (E,E
′) can be identified
with the set of all filtrations F in the quotient representation T = E/E′ of the corresponding type.
3.5.2. Lemma. a) If jx+iy+iz ∈ C2i+j{{i,i,j}} and T is a (2i + j)-dimensional representation of the quiver
Ω with suppTi−1 = x, suppTi = {y, z} then T admits two filtrations of type (i, i, j), two filtrations of the
type (i, j, i) and two filtrations of the type (j, i, i).
b) If (i+j)x+iy ∈ C2i+j{{i,i+j}} and T is (2i+j)-dimensional representation of the quiver Ω with suppTi−1 = x,
suppTi = {x, y} and non-zero map Ti−1 → Ti then T admits two filtrations of the type (i, i, j), one
filtration of the type (i, j, i) and no filtrations of the type (j, i, i).
Proof. Trivial. ✷
Now we are ready to compute the compositions of the correspondences.
[Eαi ] ◦ [E
α+i
i ] ◦ [E
α+2i
j ] = (p14)∗(p
∗
12[E
α
i ] ∩ p
∗
23[E
α+i
i ] ∩ p
∗
34[E
α+2i
j ]) =
= (p14)∗[E
α
i,i,j ] = 2[E
α
{{i,i,j}}] + 2[E
α
{{i,i+j}}] + terms of smaller dimension.
Similarly,
[Eαi ] ◦ [E
α+i
j ] ◦ [E
α+i+j
i ] = 2[E
α
{{i,i,j}}] + [E
α
{{i,i+j}}] + terms of smaller dimension,
and
[Eαj ] ◦ [E
α+j
i ] ◦ [E
α+i+j
i ] = 2[E
α
{{i,i,j}}] + terms of smaller dimension.
The Proposition in the case j = i − 1 follows (recall Remark 3.3.1). The case j = i + 1 can be treated
similarly. ✷
3.6. Proposition. a) For i 6= j we have eifj = fjei;
b) On H•(QLα,Q) we have eifi − fiei = 〈i
′, α+ 2ρ〉 (multiplication by a constant).
Here i′ ∈ X stands for the simple root dual to i, and 〈 , 〉 : X × Y −→ Z stands for the nondegenerate
pairing between cocharacters and weights. Finally, 2ρ ∈ N[I] is the sum of all positive coroots.
Proof. Consider the following spaces:
EF
α
i,j = p
−1
12 (E
α
i ) ∩ p
−1
23
(
(Eα+i−jj )
T
)
⊂ QLα × Q
L
α+i × Q
L
α+i−j
FE
α
i,j = p
−1
12
(
(Eα−jj )
T
)
∩ p−123 (E
α−j
i ) ⊂ Q
L
α × Q
L
α−j × Q
L
α+i−j
Here (Eαi )
T denotes the subvariety in QLα+i ×Q
L
α transposed to E
α
i ⊂ Q
L
α ×Q
L
α+i. It is easy to see that
EF
α
i,j is the space of triples (E,E
′, E′′′) ∈ QLα ×Q
L
α+i ×Q
L
α+i−j such that E ⊃ E
′ ⊂ E′′′ and FEαi,j is the
space of triples (E,E′′, E′′′) ∈ QLα ×Q
L
α−j ×Q
L
α+i−j such that E ⊂ E
′′ ⊃ E′′′.
Consider the projections p13 : EF
α
i,j → Q
L
α ×Q
L
α+i−j and p13 : FE
α
i,j → Q
L
α ×Q
L
α+i−j .
Over the set U = {(E,E′′′) | E 6= E′′′} ⊂ QLα ×Q
L
α+i−j (in the case i 6= j we have U = Q
L
α × Q
L
α+i−j)
the spaces EFαi,j and FE
α
i,j are isomorphic. The isomorphisms are given by formulas
(E,E′, E′′′) 7→ (E,E + E′′′, E′′′) and (E,E′′, E′′′) 7→ (E,E ∩ E′′′, E′′′).
Let E˜F
α
i,j (resp. F˜E
α
i,j) denote the closure of p
−1
13 (U) in EF
α
i,j (resp. in FE
α
i,j). In the case i 6= j we have
E˜F
α
i,j = EF
α
i,j (resp. F˜E
α
i,j = FE
α
i,j). We have (p13)∗[E˜F
α
i,j ] = (p13)∗[F˜E
α
i,j ]. Since
[Eαi ] ◦ [(E
α+i−j
j )
T ] = (p13)∗[EF
α
i,j ], [(E
α−j
j )
T ] ◦ [Eα−ji ] = (p13)∗[FE
α
i,j ],
the case i 6= j follows.
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In the case i = j it remains to compare the contribution of components of EFαi,i and FE
α
i,i over the
diagonal QLα
∆
−→ QLα × Q
L
α. Let EF
α
i (resp. FE
α
i ) be the preimage of the diagonal Q
L
α ⊂ Q
L
α × Q
L
α,
and let p : EFαi → Q
L
α (resp. q : FE
α
i → Q
L
α) be the corresponding projection. It is easy to see that
EF
α
i is isomorphic to E
α
i and FE
α
i is isomorphic to E
α−i
i (and the maps p, q are the same as in 3.1).
Hence the dimension of FEαi is equal to dimB + 2|α| − 1 which is less than the expected dimension of
[(Eα−ii )
T ] ◦ [Eα−ii ] equal to dimB + 2|α|. Thus the contribution of FE
α
i in [(E
α−i
i )
T ] ◦ [Eα−ii ] lives in the
dimension smaller than dimB + 2|α|.
On the other hand the dimension of EFαi is equal to dimB + |α| + 1 which is greater than the expected
dimension. According to the Intersection Theory (see [Fu]) in this case we have
[Eαi ] ◦ [(E
α
i )
T ]− [(Eα−ii )
T ] ◦ [Eα−ii ] = (p13)∗(c1(L)),
where L is a certain line bundle on EFαi defined in 3.6.1 below.
We know that only one component of Eαi (namely E
α
{{i}}) dominates Q
L
α. This means that
[Eαi ]◦ [(E
α
i )
T ]− [(Eα−ii )
T ]◦ [Eα−ii ] = (p13)∗(c1(L|Eα{{i}})) = ∆∗p∗c1(L|Eα{{i}})+ terms of smaller dimension.
Since over the generic point of QLα the fiber of E
α
{{i}} is one-dimensional we have
[Eαi ] ◦ [(E
α
i )
T ]− [(Eα−ii )
T ] ◦ [Eα−ii ] = b
i
α[∆] + terms of smaller dimension,
where biα is the degree of the restriction of L to the generic fiber of E
α
{{i}} over Q
L
α.
Thus to prove the Proposition it suffices to compute the integers biα. The calculation of b
i
α will be given
in the next section. ✷
3.6.1. Definition of L and biα. Since we are ultimately interested in the degree of L restricted to the
generic fiber which belongs to the smooth locus of Eα{{i}}, below we will restrict ourselves to this smooth
locus.
We have the following diagram
Eα{{i}}
id×p
−−−−→ Eαi ×Q
L
α
p×id
y id×idy
QLα × (E
α
i )
T id×id
T
−−−−→ QLα ×Q
L
α+i ×Q
L
α
where id denotes either identity map or natural embedding and T denotes the transposition.
According to the Intersection Theory, L is the cokernel of the natural map of normal bundles
NEα
{{i}}
/(QLα×(E
α
i
)T ) −→ (id× p)
∗N(Eα
i
×QLα)/(Q
L
α×Q
L
α+i
×QLα)
−→ L −→ 0.
The first term is evidently isomorphic to p∗TQLα and the second term is isomorphic to NEα{{i}}/(QLα×Q
L
α+i
).
Consider the following commutative diagram
TEα
{{i}}
TEα
{{i}}y y
p∗TQLα −−−−→ (TQLα×QLα+i)|E
α
{{i}}
−−−−→ q∗TQL
α+i∥∥∥ y
p∗TQLα −−−−→ NEα{{i}}/(QLα×QLα+i)
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with exact middle row and exact middle column. This diagram implies that we have the following exact
sequence:
TEα
{{i}}
−→ q∗TQL
α+i
−→ L −→ 0.
Let Dαi = q(E
α
{{i}}). This is a divisor in Q
L
α+i. Let ϕ ∈ Qα, hence p
−1(ϕ) ∼= C. Since the restriction of
q to the open subset p−1(Qα) is an embedding we have
L|p−1(ϕ) ∼= q
∗NDα
i
/QL
α+i
Thus we have proved the following.
Lemma. biα = degq
∗NDα
i
/QL
α+i
where ϕ ∈ Qα, and q : C = p−1(ϕ)→ QLα+i is the map, induced by the projection q : E
α
i → Q
L
α+i.
The calculation of these integers will be given in the next section (see the Proposition 4.4) with the help
of Kontsevich’s compactification QKα of the space Qα.
3.7. Let us define an operator hi : H
•(QLα,Q) −→ H
•(QLα,Q) as a scalar multiplication by 〈i
′, α +
2ρ〉. Combining the Propositions 3.4, 3.5, 3.6 together with the Theorem 2.7 we arrive at the following
Theorem:
Theorem. The operators ei, fi, hi(i ∈ I) extend to the action of Lie algebra sln on
⊕
α∈N[I]
H•(QLα,Q).
The character of this sln-module is equal to
|W |e2ρ∏
θ∈R+(1− e
θ)2
. ✷
3.7.1. Remark. We would like to emphasize that the Lie algebra sln acting by correspondences in the
cohomology of Laumon’s spaces should be viewed as the Langlands dual of the original group G = SLn.
In effect, the character of the sln-module is naturally a formal cocharacter of G (cf. 2.7).
4. Kontsevich’s compactification
4.1. Recall the notion of a stable map (see [Ko] for details).
Definition. A stable map is a datum (C;x1, . . . , xm; f) consisting of a connected compact reduced
curve C with m ≥ 0 pairwise distinct marked non-singular points and at most ordinary double singular
points, and a map f : C −→ X having no non-trivial first order infinitesimal automorphisms, identical on
X and x1, . . . , xm (stability).
4.1.1. Definition. QKα =M0,0(C×B, 1⊕α) is the moduli space of stable maps to C×B of curves of
arithmetic genus 0 with no marked points such that f∗([C]) = 1⊕ α ∈ H2(C,Z) ⊕H2(B,Z) = Z⊕ Z[I].
Given a stable map (C; f) ∈ QKα we denote by f
′ : C → C and f ′′ : C → B the induced maps; we denote
by C0 the irreducible component of C such that f ′∗[C0] = [C]; we denote by C1, . . . , Cm the connected
components of C \ C0; we denote by fr (resp. f ′r, f
′′
r ) the restriction of f (resp. f
′, f ′′) to Cr. Finally, let
β be the degree of f ′′0 and γr be the degree of f
′′
r (r = 1, . . . ,m).
The space of maps Qα is naturally embedded into QKα (to every map ϕ : C → B we associate its graph
Γϕ ⊂ C × B) and can be identified with the space of all stable maps (C, f) such that C is irreducible.
Hence we can consider QKα as a compactification of Qα.
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4.2. The birational correspondence between QKα and Q
L
α. Let 0 ⊂ F1 ⊂ · · · ⊂ Fn−1 ⊂ V ⊗OB be
the universal flag of vector bundles over the flag variety B.
A stable map (C, f) ∈ QKα gives rise to the following flag of vector bundles over C:
0 ⊂ f ′∗f
′′∗F1 ⊂ · · · ⊂ f
′
∗f
′′∗Fn−1 ⊂ V ⊗ f
′
∗f
′′∗OB = V ⊗OC .
Note that the above inclusions are no longer inclusions of vector subbundles, but only of coherent sheaves.
Let us denote this flag by Φ(C, f).
Let UKα ⊂ Q
K
α denote the open subspace consisting of all stable maps (C, f) such that |γ1+ · · ·+γm| < 2.
Lemma. Given (C, f) ∈ UKα we have Φ(C, f) ∈ Q
L
α; hence Φ is a map Φ : U
K
α → Q
L
α.
Proof. Easy. ✷
Remark. In general, the degree of the quasiflag Φ(C, f) is smaller than α, hence the map Φ is not
defined on the whole QKα .
4.2.1. Given a quasiflag E• ∈ QLα define its graph ΓE in C × B as follows:
ΓE = {(x, F•) | the composition Ei −→ V ⊗OC −→ V/Fi ⊗OC
vanishes at the point x for all i = 1, . . . , n− 1.}
Let ULα ⊂ Q
L
α denote the open subspace consisting of all quasiflags E• such that | defE| < 2, where defE
stands for the defect of E•.
Lemma. The graph of E• ∈ ULα is a stable curve. Its natural embedding in C × B is a stable map of
degree 1⊕ α; hence the correspondence E• 7→ ΓE defines a map Γ : U
L
α → Q
K
α .
Proof. Evident. ✷
4.2.2. Proposition. The maps Φ and Γ define the mutually inverse isomorphisms Φ : UKα ⇄ U
L
α : Γ,
which are identical on the subspace UKα ⊃ Qα ⊂ U
L
α .
Proof. Clear. ✷
4.2.3. Let D˜αi be closed subspace in U
K
α+i consisting of all stable maps (C, f) with β = α, γ1 = i.
Lemma. The maps Φ and Γ induce the isomorphisms Φ : Dαi ∩U
L
α+i ⇄ D˜
α
i : Γ. Hence q
∗NDα
i
/QL
α+i
∼=
q˜∗ND˜α
i
/QK
α+i
where ϕ ∈ Qα, q : C = p−1(ϕ)→ QLα+i is the map induced by the projection q : E
α
i → Q
L
α+i,
and q˜ is the composition C
q
−→ QLα+i
Γ
99K QKα+i.
Proof. Easy. ✷
4.3. Let Pi ⊂ G be the minimal parabolic subgroup of type i containing the Borel subgroup B. Let
Bi = G/Pi be the corresponding homogenuous space, and let σi stand for the natural projection σi : B =
G/B → Bi. The map σi : B → Bi is a P1-fibration, and its relative tangent bundle TB/Bi is canonically
isomorphic to the line bundle Li′ corresponding to the simple root i
′, considered as a character of B.
4.3.1. Lemma. Let ϕ ∈ Qα be a map from C to B of degree α. The map q˜ : C → QKα+i can be described
as follows:
x ∈ C 7→ Γϕ ∪ {x} × σ
−1
i (σi(ϕ(x))) ⊂ C × B.
Here the RHS is a stable curve and q˜(x) is this curve with its natural embedding into C × B.
Proof. Apply the definitions of Eαi and of the map Γ. ✷
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4.4. Proposition. Given ϕ ∈ Qα we have
degq∗NDα
i
/QL
α+i
= 〈i′, α+ 2ρ〉.
Proof. Recall that the fiber of the normal bundle to the divisor D˜αi in the space of stable maps Q
K
α+i at
the point (C = C0∪C1, f) is canonically isomorphic to (TC0 )P ⊗(TC1)P where P is the point of intersection
P = C0 ∩ C1.
The canonical isomorphisms (TC0)P ∼= f
′
0
∗
(TC)f ′(P ), (TC1)P ∼= f
′′
1
∗
(TB/Bi)f ′′(P ) imply that q˜
∗ND˜α
i
/QK
α+i
=
TC ⊗ ϕ∗Li′ . Hence its degree equals
deg(TC) + degϕ
∗Li′ = 2 + 〈i
′, α〉 = 〈i′, 2ρ〉+ 〈i′, α〉 = 〈i′, α+ 2ρ〉.
Now the Proposition follows from the Lemma 4.2.3. ✷
5. More on correspondences
In this section we will follow the notations of [Lu1] in the particular case of Dynkin graph of type An−1.
5.1. We fix an orientation Ω = (1 −→ 2 −→ . . . −→ n− 1) on the Dynkin graph with the set of vertices
I. We fix a sequence i ∈ X adapted to Ω; let θ1, . . . , θν be the corresponding total order on R+ (see loc.
cit., §4); here ν = n(n−1)2 .
G.Lusztig has introduced in loc. cit. a bijection c 7→ Vc between Nν and the set of isomorphism classes
of representations of the quiver Ω. For c ∈ Nν we will denote by d(c) ∈ N[I] the dimension of Vc. In the
notations of 2.1.1 we have c ∈ K(γ)⇔ γ = d(c) = |c|.
5.2. For γ ∈ N[I] we introduce the closed subvariety Eαγ ⊂ Q
L
α ×Q
L
α+γ as follows.
Definition. Eαγ = {(E•, E
′
•) such that E
′
• ⊂ E•}.
There are natural maps
p : Eαγ → Q
L
α, q : E
α
γ → Q
L
α+γ and r : E
α
γ → C
γ ,
where Cγ is the configuration space (see e.g. [Ku], 1.3). The first and second maps are induced by the
projections of QLα ×Q
L
α+γ onto the first and second factors and the third one is defined as
r((E•, E
′
•)) =
∑
x∈C
dimx(E
′
•/E•) · x.
We will be interested in irreducible components of Eαγ of the middle dimension dimB + 2|α|+ |γ|.
5.2.1. Recall that for γ ∈ N[I] we denote by Γ(γ) the set of all partitions of γ, i.e. multisubsets (subsets
with multiplicities) Γ = {{γ1, . . . , γm}} of N[I] with
∑m
r=1 γr = γ, γr > 0 (see e.g. [Ku], 1.3). The diagonal
stratification Cγ = ⊔Γ∈Γ(γ)C
γ
Γ was introduced e.g. in loc. cit. Recall that for Γ = {{γ1, . . . , γm}} we
have dimCγΓ = m.
Given a partition Γ = {{γ1, . . . , γm}} ∈ Γ(γ) consider the following closed subspace of Eαγ :
EαΓ = (p× r)
−1(Qα × C
γ
Γ).
Lemma. If γr ∈ R+ for any r = 1, . . . ,m (i.e. Γ ∈ K(γ) is a Kostant partition of γ), then EαΓ is
irreducible of dimension dimB + 2|α|+ |γ|.
Proof. Since Qα × C
γ
Γ is irreducible of dimension dimB + 2|α|+m (m is the number of elements in the
partition), we need to check that the fibers of the projection p× r : (p× r)−1(Qα ×C
γ
Γ)→ Qα ×C
γ
Γ are
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irreducible of dimension |γ| −m =
∑m
r=1(|γr | − 1). Let γr = iqr + iqr+1 + · · ·+ ipr . Then the fiber over
a point (E•,
∑
γrxr) ∈ Qα × C
γ
Γ is naturally isomorphic to
m∏
r=1
P(Hom(Epr/Eqr−1,Oxr)).
Since Epr/Eqr−1 is locally free of rank pr − qr + 1 = |γr| the Lemma follows. ✷
5.2.2. Remark. Denote by
◦
EαΓ ⊂ (p × r)
−1(Qα × C
γ
Γ) the open subspace of E
α
Γ with the fiber over the
point (E•,
∑
γrxr) ∈ Qα × C
γ
Γ equal to
m∏
r=1
(
P(Hom(Epr/Eqr−1,Oxr)) \ P(Hom(Epr/Eqr ,Oxr ))
)
.
Then for a point (E•, E
′
•) ∈
◦
EαΓ we have the following decomposition of the quotient E•/E
′
• (in the
category RT)
E•/E
′
• =
m⊕
r=1
Vγr ⊗Oxr ,
whereVγr is the indecomposable representation of Ω (in the category of representations in vector spaces),
corresponding to coroot γr ∈ R
+.
5.3. Proposition. Dimension of any irreducible component of Eαγ is not greater than dimB+2|α|+ |γ|.
Any component of this dimension coincides with EαΓ for some Γ ∈ K(γ) (see 5.2.1).
Proof. Consider the stratification of QLα×C
γ via the defect of E• at the support of
∑
γrxr ∈ C
γ , namely
QLα × C
γ =
⊔
Γ∈Γ(γ)
|κ′1|+···+|κ
′
m|=γ
′≤α
ZΓκ′
1
,...,κ′m
.
Here ZΓκ′
1
,...,κ′m
⊂ QLα ×C
γ is the subspace of all pairs (E•,
∑
γrxr) such that {{γ1, . . . , γm}} = Γ and the
defect of E• at the point xr is of type κ
′
r (r = 1, . . . ,m).
We evidently have
dimZΓκ′
1
,...,κ′m
= dimB + 2
∣∣∣(α−∑ |κ′r|)∣∣∣+∑(||κ′r|| −K(κ′r)) +m =
= dimB + 2|α| −
∑
||κ′r|| −
∑
K(κ′r) +m = dimB + 2|α|+ |γ|+
∑
(1− |γr + γ
′
r| −K(κ
′
r)).
5.3.1. Given (E•,
∑
γrxr) ∈ ZΓκ′
1
,...,κ′m
we define F(E•,
∑
γrxr) as (p× r)−1((E•,
∑
γrxr)).
Lemma. F(E•,
∑
γrxr) =
m∏
r=1
F(E•, γrxr).
Proof. Absolutely similar to the proof of Proposition 2.1.2 in [Ku]. ✷
5.3.2. Fix x ∈ C and E• ∈ QLα such that the defect of E• at the point x is of type κ
′ ∈ K(γ′). Here we
will study the variety F(E•, γx). To this end we may (and will) replace C by the formal neighbourhood
of x.
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Let Epq be the normalization of Eq in Ep and let E˜q be the normalization of Eq in V ⊗ OC . Then we
evidently have Eq = E
q
q ⊂ · · · ⊂ E
n−1
q ⊂ E˜q. Given E• ∈ F(E•, γx) we define
νˆpq(E•) = length
(
Epq ∩ Ep+1
Epq ∩ Ep
)
(1 ≤ q ≤ p ≤ n− 1),
ν˜pq(E•) = length
(
E˜q ∩ Ep+1
E˜q ∩ Ep
)
(1 ≤ q ≤ p ≤ n− 1),
κ˜pq(E•) = ν˜pq − ν˜p.q−1 (1 ≤ q ≤ p ≤ n− 1)
(cf. [Ku] (10), (8)). Note that κ˜ is nothing else then the type of the defect of E•, hence κ˜ ∈ K(γ′ + γ).
5.3.3. Lemma. For all 1 ≤ q ≤ p ≤ n− 1 we have νˆpq ≤ ν˜pq.
Proof. Since Epq ∩ Ep =
(
Epq ∩Ep+1
)⋂(
E˜q ∩Ep
)
the Lemma follows from loc. cit., 2.2.1. ✷
5.3.4. Let Sνˆ ⊂ F(E•, γx) be the subspace of all E• such that νˆ(E•) = νˆ.
Lemma. Sνˆ is a pseudoaffine space of dimension
∑
1≤q<p≤n−1
νˆpq.
Proof. Same as the proof of loc. cit., Theorem 2.3.3. ✷
5.3.5. Since ∑
1≤q<p≤n−1
νˆpq ≤
∑
1≤q<p≤n−1
ν˜pq = ||κ˜|| −K(κ˜)
and recalling 5.3.2, 5.3.4 we get the following estimate:
dimF(E•, γx) ≤ max
κ˜∈K(γ′+γ)
(||κ˜|| −K(κ˜)) = |γ + γ′| − min
κ˜∈K(γ′+γ)
K(κ˜).
Comparing it with the formula for dimension of ZΓκ′
1
,...,κ′m
we get
dim(p× r)−1(ZΓκ′
1
,...,κ′m
) ≤ dimB + 2|α|+ |γ|+
m∑
r=1
(
1−K(κ′r)− min
κ˜r∈K(γ′r+γr)
K(κ˜r)
)
.
Since γr 6= 0 we have K(κ˜r) ≥ 1, therefore the last term is allways non-positive and the first part of
the Proposition follows. Furthermore, the last term is equal to zero only if for all r we have K(κ′r) = 0
(hence γ′r = 0) and γr ∈ R
+ for any r. But this is exactly the case of Lemma 5.2.1. ✷
5.4. Recall that the set K(γ) ⊂ Γ(γ) of Kostant partitions consists of all partitions {{γ1, . . . , γm}} of γ
such that γr ∈ R+ for any r = 1, . . . ,m.
We have an obvious bijection between K(γ) and the set of all c ∈ Nν with c1θ1 + · · ·+ cνθν = γ.
For c ∈ Nν we introduce the closed subvariety Eαc ⊂ Q
L
α ×Q
L
α+d(c) as follows.
Definition. Eαc := E
α
Γ (see 5.2.1), where Γ is the partition corresponding to c.
5.5. Consider the Poincare´ dual of the fundamental class in the middle cohomology [Eαc] ∈ H
•(QLα ×
QLα+d(c),Q). Viewed as a correspondence, it defines two operators:
ec : H
•(QLα,Q)⇋ H
•(QLα+d(c),Q) : fc
adjoint to each other with respect to Poincare´ duality.
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5.6. Proposition. (cf. [Lu1] 5.4.c) For c = (c1, . . . , cν) we have
a) ec = e
(c1)
θ1
· · · e
(cν)
θν
;
b) fc = f
(c1)
θ1
· · · f
(cν)
θν
where f (c) stands for the divided power
f c
c!
.
Proof. Let c1θ1 + · · ·+ cνθν = γ. Let
Eαθ1, . . . , θ1︸ ︷︷ ︸
c1
,...,θν , . . . , θν︸ ︷︷ ︸
cν
= p−112 (E
α
θ1) ∩ · · · ∩ p
−1
N−1,N (E
α+γ−θν
θν
) ⊂ QLα ×Q
L
α+θ1 × · · · × Q
L
α+γ−θν ×Q
L
α+γ ,
where N = c1 + · · ·+ cν + 1 and pab stands for the projection onto the product of a-th and b-th factors.
Obviously
Eαθ1, . . . , θ1︸ ︷︷ ︸
c1
,...,θν , . . . , θν︸ ︷︷ ︸
cν
= {(E• ⊃ E
′
• ⊃ · · · ⊃ E
(N)
• )} ⊂ Q
L
α ×Q
L
α+θ1 × · · · × Q
L
α+γ−θν ×Q
L
α+γ ,
hence p1N (E
α
θ1, . . . , θ1︸ ︷︷ ︸
c1
,...,θν , . . . , θν︸ ︷︷ ︸
cν
) ⊂ Eαγ .
This implies that
[Eαθ1 ] ◦ · · · ◦ [E
α+(c1−1)θ1
θ1
]︸ ︷︷ ︸
c1
◦ · · · ◦ [Eα+γ−cνθnuθν ] ◦ · · · ◦ [E
α+γ−θν
θν
]︸ ︷︷ ︸
cν
= p1N ∗
Eαθ1, . . . , θ1︸ ︷︷ ︸
c1
,...,θν , . . . , θν︸ ︷︷ ︸
cν
 =
=
∑
Γ
aΓ[E
α
Γ ] + terms of smaller dimension,
where Γ = {{γ1, . . . , γm}} ∈ K(γ) is a Kostant partition of γ and aΓ is the number of points in the generic
fiber of Eαθ1, . . . , θ1︸ ︷︷ ︸
c1
,...,θν , . . . , θν︸ ︷︷ ︸
cν
over EαΓ .
The space Eαθ1, . . . , θ1︸ ︷︷ ︸
c1
,...,θν , . . . , θν︸ ︷︷ ︸
cν
is naturally isomorphic to the space of triples (E•, E
(N)
• , F ), where
E• ∈ QLα, E
(N)
• ∈ QLα+γ such that E
(N)
• ⊂ E• and F is a filtration in the quotient representation
0 = FN ⊂ · · · ⊂ F1 = E•/E
(N)
• of the type (θ1, . . . , θ1︸ ︷︷ ︸
c1
, . . . , θν , . . . , θν︸ ︷︷ ︸
cν
) (“of type c” for short). Hence aΓ is
the number of filtrations of the type c in the quotient E•/E
′
• for generic (E•, E
′
•) ∈ E
α
Γ. Let (E•, E
′
•) ∈
◦
EαΓ
(see Remark 5.2.2). Then E•/E
′
• = ⊕Vγr ⊗Oxr .
Assume that F is a filtration of type c on E•/E
′
• and let F˜k = Fc1+···+ck+1. Then 0 = F˜ν ⊂ · · · ⊂ F˜1 ⊂
F˜0 = E•/E
′
• (resp. 0 = H
0(F˜ν) ⊂ · · · ⊂ H0(F˜1) ⊂ H0(F˜0) = H0(E•/E′•) = V := ⊕Vγr) is a filtration of
type (c1θ1, . . . , cνθν) in the category RT (resp. in the category of representations of Ω in vector spaces).
But existence of the latter filtration means that the isomorphism class of V is c (see [Lu1]), hence integer
aΓ is not zero only for Γ, corresponding to c. Therefore, in order to prove the Proposition it remains to
check that for Γ corresponding to c we have aΓ = c1! · · · · · cν !.
By the Proposition 4.9 of loc. cit. the filtration H0(F˜ ) in V is unique, hence the filtration F˜ on E•/E
′
•
is unique, hence we need to compute the number of refinements of the filtration F˜ to a filtration F of
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type c. But F˜k−1/F˜k =
ck⊕
t=1
Vθk ⊗Oxrk
t
, where {rk1 , . . . , r
k
ck} = {r ∈ {1, . . . ,m} | γr = θk}. Hence the set
of these refinements is isomorphic to the set of all orderings of subsets {rk1 , . . . , r
k
ck} and the Proposition
follows. ✷
6. Conjectures
6.1. The formal character appearing in the Theorem 3.7 is not new in the representation theory of sln.
Let us recall its previous appearences.
First of all, let n ⊂ sln be the nilpotent subalgebra generated by the simple generators e1, . . . , en−1. Let
N ⊂ sln be the nilpotent cone. The Lie algebra sln acts on the cohomologyHνn (N ,O) of N with supports
in n. The character of this module is exactly
|W |e2ρ∏
θ∈R+(1 − e
θ)2
(see e.g. [Ar], Appendix A).
6.2. Let ζ ∈ C be a root of unity of degree p > 2n and let u be a small quantum group defined by
G.Lusztig for the root datum (X,Y, . . . ) of type G and ζ (see e.g. [Lu2]).
S.Arkhipov has introduced in [Ar] the graded vector space of semiinfinite cohomology H
∞
2
+•
u along with
the action of sln on it. The (graded) character of this module is given by
PG(t) :=
e2ρt−
1
2
dimB
∑
w∈W t
ℓ(w)∏
θ∈R+(1− te
θ)(1− t−1eθ)
( [Ar], Theorem 4.5).
6.3. B.Feigin has conjectured (1993, unpublished) that the sln-modules H
∞
2
+•
u and H
ν
n (N ,O) are iso-
morphic. S.Arkhipov has checked this conjecture at the level of characters in [Ar].
6.4. We propose the following conjecture.
Conjecture. sln-module ⊕α∈N[I]H
•(QLα,Q) is isomorphic to H
ν
n (N ,O).
6.4.1. Remark. Note that ⊕α∈N[I]H
•(QLα,Q) is evidently selfdual (by Poincare´ duality) while H
ν
n (N ,O)
can be easily seen to be n-free, i.e. to posess a Verma filtration.
Thus the Conjecture admits a funny corollary that both of modules in question are tilting (see [AP],
chapter 1). The conjecture would follow in turn from this funny corollary since a tilting module is
defined up to isomorphism by its character.
6.4.2. Remark. (V.Ostrik) Here is a sketch of a nondegenerate sln-invariant contragredient self-pairing
on Hνn (N ,O). We will prove that H
ν
n (N ,O) is self-dual with respect to the standard contragredient
duality in the BGG category O. We prefer to use another duality, without Chevalley involution on sln,
exchanging highest and lowest weight modules. To this end it suffices to construct a nondegenerate sln-
invariant pairing between Hνn (N ,O) and H
ν
n−
(N ,O) where n− denotes the nilpotent subalgebra of sln
generated by the simple generators f1, . . . , fn−1.
The desired pairing is the composition of the cup-product ∪ : Hνn (N ,O) ×H
ν
n−
(N ,O) −→ H2ν0 (N ,O)
and the trace (residue) morphism Res0 : H
2ν
0 (N ,O) −→ H
0(0,O) = C. Note that the dualizing complex
of N is isomorphic to its structure sheaf O, whence the trace morphism above.
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